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Transient thermal dynamic analysis of stationary cracks in functionally graded piezoelectric materials
(FGPMs) based on the extended ﬁnite element method (X-FEM) is presented. Both heating and cooling
shocks are considered. The material properties are supposed to vary exponentially along speciﬁc direc-
tion while the crack-faces are assumed to be adiabatic and electrically impermeable. A dynamic X-FEM
model is developed in which both Crank–Nicolson and Newmark time integration methods are used
for calculating transient responses of thermal and electromechanical ﬁelds respectively. The generalized
dynamic intensity factors for the thermal stresses and electrical displacements are extracted by using the
interaction integral. The accuracy of the developed approach is veriﬁed numerically by comparing the
calculated results with reference solutions. Numerical examples with mixed-mode crack problems are
analyzed. The effects of the crack-length, poling direction, material gradation, etc. on the dynamic inten-
sity factors are investigated. It shows that the transient dynamic crack behaviors under the cooling shock
differ from those under the heating shock. The inﬂuence of the thermal shock loading on the dynamic
intensity factors is signiﬁcant.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
The effective conversion of the electrical energy into mechani-
cal energy and vice versa has led the smart piezoelectric materials
to important applications in many engineering disciplines such as
smart devices, micro-electromechanical systems (MEMS) and
intelligent technologies. In order to improve the reliability of pie-
zoelectric materials, functionally graded piezoelectric materials
(FGPMs) have been developed by introducing the concept of gradi-
ent distribution to the piezoelectric materials (Wu et al., 1996).
Consequently, some or all properties such as elastic, piezoelectric,
dielectric, etc. may vary along one speciﬁc direction based on a
particular gradation law. The key advantages of the FGPMs are
the reduction of mechanical stress concentration, increased
bonding strength, improved stress redistribution, and so on. How-
ever, the FGPMs devices and structures are usually operated in fre-
quently changing thermal environments, thus it is important to
understand the dynamic behaviors of cracked FGPMs exposed to
a thermal shock.In the early 1980s, the transient dynamic fracture behaviors of
an edge-cracked plate under thermal shock were investigated
(Nied, 1983). With the emergence of functionally graded materials
(FGMs), many authors later studied the thermal dynamic crack
analyses in FGMs by using different numerical methods, including
the ﬁnite element method (FEM) (Zamani and Eslami, 2009), the
boundary element method (BEM) (Hosseini-Tehrani et al., 2001;
Ekhlakov et al., 2012), and the meshless methods (Sladek et al.,
2008). The multiple cracking approach was developed for analyz-
ing the thermal shock resistance and intensity release of FGMs
and ferroelectric materials (Han and Wang, 2005; Wang and Li,
2005; Wang et al., 2004). The effect of surface pre-crack morphol-
ogy on the fracture of thermal barrier coatings under thermal
shock (Zhou and Kokini, 2004), and the inﬂuence of radial stress
on the poling behavior of lead zirconate titanate ceramics (Njiwa
et al., 2007) were also investigated. Recently, some efforts have
been made to investigate the thermally induced fracture in piezo-
electricity including the static thermal fracture problems (Niraula
and Noda, 2002; Ueda, 2003, 2006a,b; Wang and Noda, 2004)
and the transient thermal fracture problems (Wang and Mai,
2002; Ueda, 2006c; Sladek et al., 2010a).
Some other works investigated the thermally induced static
fracture in FGPMs using the integral transform methods (Wang
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2009), in which an inﬁnite or a semi-inﬁnite functionally graded
piezoelectric medium is often considered. However, results on
the transient thermal fracture behaviors of the FGPMs are very rare
in the literature. To our knowledge, the only related paper is on the
dynamic thermal fracture behaviors of continuously nonhomo-
geneous magneto-electro-thermo-elastic solids by the meshless lo-
cal Petrov–Galerkin (MLPG) method (Sladek et al., 2010b). To
better understand the failure patterns of FGPMs under thermal
environments, it is important to develop efﬁcient and accurate
numerical methods for the evaluation of fracture parameters in
FGPMs under thermal shock loading. To serve this purpose, domain
form of the interaction integrals for the computation of the stress
intensity factors and electric displacement intensity factor in
cracked FGPMs under thermoelectromechanical loading was de-
rived (Rao and Kuna, 2010).
The extended ﬁnite element method (X-FEM) is a quite new
numerical method which can effectively overcome the drawbacks
of the conventional FEM in modeling the discontinuities
(Belytschko and Black, 1999; Moës et al., 1999). The principle of
the X-FEM is to enrich the standard ﬁnite element approximation
by some functions around the discontinuity in the framework of
partition of unity (PU). Thus, the geometry of discontinuity is
independent of the ﬁnite element computation mesh. In the past
decades, there are a great number of studies concerning the
improvement or applications of the X-FEM for various discontinu-
ous problems (Belytschko et al., 2003; Samaniego and Belytschko,
2005; Gerstenberger and Wall, 2008; Zhang et al., 2012; Groß and
Reusken, 2007; Sukumar et al., 2001; Yu, 2011). Recently, the
X-FEM models for analyzing crack in piezoelectric materials
(Béchet et al., 2009; Bhargava and Sharma, 2011, 2012; Bui and
Zhang, 2012; Sharma et al., 2013) were developed. In these
researches, two types of crack-tip enrichment functions were used,
i.e., the standard fourfold crack-tip enrichment functions used for
isotropic elasticity and the sixfold crack-tip enrichment functions
derived from the asymptotic expansion around a crack-tip in
piezoelectric materials; and the results show that enrichment
functions used in isotropic materials are also efﬁcient to the
fracture of piezoelectric materials. Some major advantages in the
application of the standard fourfold enrichment functions to
the piezoelectric materials are: the implementation is signiﬁcantly
simpler; the computational cost is cheaper; the accuracy between
two sets is similar.
In our previous works, the authors have developed an X-FEM
model associated with the standard fourfold crack-tip enrichment
functions, and investigated the transient behaviors of the dynamic
intensity factors (DIFs) in FGPMs under mechanical and electrical
impact loading (Liu et al., 2013). To the best knowledge of the
authors, studies concerning the transient thermal shock facture
analysis in FGPMs using the X-FEM are not reported in the litera-
ture. The main objective of this research work is to further extend
our previous X-FEM model to numerically study the transient
dynamic fracture behaviors of cracked FGPMs subjected to thermal
shock. In this study, the material properties are supposed to
be varying exponentially along a given direction, the crack-faces
are assumed to be adiabatic and electrically impermeable, and
the standard fourfold crack-tip enrichment functions are used in
the X-FEM. Furthermore, the Crank–Nicolson and Newmark time
integration schemes are used to achieve the dynamic responses
of the thermal and electromechanical ﬁelds respectively, and the
dynamic intensity factors (DIFs) including the dynamic thermal
stress intensity factors (DTSIFs) and the dynamic electric displace-
ment intensity factor (DEDIF) are evaluated by using the contour
interaction integral technique. The effects of the crack-length, the
material gradation direction, the material gradient index, and thepoling direction, etc. on the DIFs are investigated in details through
numerical examples including mode-I and mixed-modes.
After the introduction, Section 2 brieﬂy presents some basic
equations for cracked FGPMs subjected to a thermal shock. The
X-FEM for modeling crack problems in FGPMs under thermal
shock is then described in Section 3. The DTSIFs and DEDIF are de-
rived by using the interaction integral in Section 4. Numerical val-
idation is presented in the subsequent section, while the numerical
results derived from the proposed X-FEM are presented in Sec-
tion 6. Some conclusions drawn from the present study are given
in Section 7.
2. Basic equations for functionally graded piezoelectric
materials
The governing equations and the boundary conditions of FGPMs
under small strain assumptions and thermal shock loading are
brieﬂy given in this section.
 Constitutive equations
rij ¼ Cijkseks  esijEs  cijDT
Di ¼ eikseks þ hisEs þ piDT
ð1Þ
in which rij; eks;Cijks and esij are the Cauchy stress tensor, strain ten-
sor, Hooke’s elasticity tensor, and piezoelectric tensor, respectively;
Es; cij;DT are the electric ﬁeld, stress–temperature modulus, and
temperature change; Di, his and pi represent the electrical displace-
ments, dielectric tensor and pyroelectric coefﬁcients.
The stress–temperature modulus cij can be expressed as
cij ¼ Cijklgkl ð2Þ
where gkl are the linear thermal expansion coefﬁcients.
The non-homogeneous material properties are supposed to vary
continuously either in x- or y-coordinate, and an exponential law
for the elastic, piezoelectric, dielectric tensors, stress–temperature
modulus, pyroelectric coefﬁcients and linear thermal expansion
coefﬁcients are employed. In the case of the material gradation
in the x-direction, they are described by
CijksðxÞ ¼ C0ijksebx ð3Þ
esijðxÞ ¼ e0sijebx ð4Þ
hisðxÞ ¼ h0isebx ð5Þ
cisðxÞ ¼ c0isebx ð6Þ
piðxÞ ¼ p0i ebx ð7Þ
gklðxÞ ¼ g0klebx ð8Þ
where C0ijks; e
0
sij;h
0
is; c0is; p0i ; and g0kl are material properties at x ¼ 0, and
b is the gradient index.
In the plane-strain problems, the generalized constitutive equa-
tions may be expressed in matrix form as (Sladek et al., 2010b)
r11
r33
r13
D1
D3
8>>><
>>>>:
9>>>=
>>>>;
¼
C11 C13 0 0 e31
C13 C33 0 0 e33
0 0 C44 e15 0
0 0 e15 h11 0
e31 e33 0 0 h33
2
6666664
3
7777775
e11
e33
2e13
E1
E3
8>>><
>>>>:
9>>>=
>>>>;
þ
c11
c33
0
p1
p3
2
6666664
3
7777775
DT
ð9Þ
P. Liu et al. / International Journal of Solids and Structures 51 (2014) 2167–2182 2169and
c11
c33
0
2
64
3
75 ¼
C11 C13 C12
C13 C33 C32
0 0 0
2
64
3
75
g11
g33
g22
2
64
3
75 ð10Þ
 Kinematic equations
eij ¼ 12 ðui;j þ uj;iÞ; Ei ¼ u;i ð11Þ
where ui and u are the displacements and the electrical potential,
respectively.
 Equations of motion and the ﬁrst law of thermodynamics in the
classical uncoupled form are
rij;j  q€ui ¼ 0; Dj;j ¼ 0; ð~kijT ;jÞi  q~c _T ¼ 0 ð12Þ
in which q, ~kij and ~c are respectively the mass density, the thermal
conductivity tensor and the speciﬁc heat capacity. For a material
gradation in the x-direction, they are assumed to have an exponen-
tial variation as
qðxÞ ¼ q0ebx ð13Þ
~kijðxÞ ¼ ~k0ijebx ð14Þ
~cðxÞ ¼ ~c0ebx ð15Þ
In Eq. (12) and throughout the analysis, quasi-electrostatic
assumption is made.
 Boundary conditions
rijnj ¼ ti; on Sr ð16aÞ
ui ¼ ui; on Su ð16bÞ
Djnj ¼ xS; on SD ð16cÞ
u ¼ u; on Su ð16dÞ
T ¼ T; on Se ð16eÞ
qini ¼ q; on Sf ð16fÞ
where ti is prescribed on Sr, while ui, xS, u, T and q are given on Su,
SD, Su, Se and Sf , respectively; ni is the outward unit normal vector
on S ¼ Sr þ Su ¼ SD þ Su ¼ Se þ Sf .
In this study, the crack-faces are assumed to be traction-free,
adiabatic and electrically impermeable. Then, the boundary condi-
tions on the crack-faces Sc are expressed as
rijnj ¼ 0; Djnj ¼ 0; qini ¼ 0 on Sc ð17Þ
 Initial conditions
ui ¼ _ui ¼ / ¼ T ¼ 0; at t ¼ 0 ð18Þ3. X-FEM for cracked FGPMs under thermal loading
3.1. Enriched ﬁnite element approximation
The basic idea of the X-FEM is to enrich the standard ﬁnite ele-
ment approximation by additional functions based on the parti-
tion of unity to model the discontinuities. In general, the same
enrichments are used to build the approximation space for the
displacements and electrical potential. For the crack problem
under consideration, the enriched displacements and electrical
potential approximation can be written as (Bui and Zhang,
2012)uhðxÞ¼
X
i2Ns
NiðxÞuiþ
X
j2Ncut
NjðxÞHðxÞajþ
X
k2Ntip
NkðxÞ
X4
~a¼1
F~aðxÞbk~a ð19aÞ
uhðxÞ¼
X
i2Ns
NiðxÞui þ
X
j2Ncut
NjðxÞHðxÞaj þ
X
k2Ntip
NkðxÞ
X4
~a¼1
F~aðxÞbk~a ð19bÞ
where NiðxÞ denotes the standard ﬁnite element shape functions; ui
and ui are the vectors of nodal degrees of freedom deﬁned in stan-
dard ﬁnite elements, and aj; aj ; b

k~a and bk~a are the additional set of
degrees of freedom; Ns, Ncut and Ntip are respectively the set of all
nodes in the discretization, the set of nodes enriched with a modi-
ﬁed Heaviside step function HðxÞ, and the set of nodes enriched with
the crack-tip branch enrichment functions F~aðxÞ; ð~a ¼ 1; . . . ;4Þ ; the
basis function support of the node in Ncut is entirely split by the
crack, while the basis function support of the node in Ntip is partly
split by the crack. In order to improve the rate of convergence, the
enrichment scheme with a ﬁxed area for the crack-tip branch func-
tions may be used (Laborde et al., 2005).
The modiﬁed Heaviside step function HðxÞ is deﬁned by
HðxÞ ¼ þ1 x > 01 x < 0

ð20Þ
The fourfold crack-tip enrichment functions F ~aðxÞ are given by
(Sharma et al., 2013; Liu et al., 2013)
fF~aðxÞg4~a¼1 ¼
ﬃﬃ
r
p
sin h2
ﬃﬃ
r
p
cos h2
ﬃﬃ
r
p
sin h2 sin h
ﬃﬃ
r
p
cos h2 sin h
 
ð21Þ
where r and h are the crack-tip polar coordinates.
In this study, the crack-faces are assumed to be adiabatic, the
temperature is thus discontinuous along the crack-faces and the
heat ﬂux is singular at the crack-tip. The dominant term of the
asymptotic temperature ﬁeld of an adiabatic crack can be written
as (Duﬂot, 2008; Zamani and Eslami, 2010)
T ¼ KT
k
ﬃﬃﬃﬃﬃ
2r
p
r
sin
h
2
ð22Þ
where k is the thermal conductivity, KT provides the strength of ﬂux
singularity at the crack tip.
According to the basic idea of the X-FEM, the enriched temper-
ature ﬁeld approximation can be expressed as follows
ThðxÞ ¼
X
i2Ns
NiðxÞu&i þ
X
j2Ncut
NjðxÞHðxÞa&j þ
X
k2Ntip
NkðxÞF1ðxÞb&k ð23Þ
From Eqs. (19a), (19b), and (23), the nodal variables at the non-
enriched node is a 4-component vector, i.e., ðu1 u2 u T Þ;
the nodal variables at the HðxÞ –enriched node is a 7-component
vector while at the F~aðxÞ –enriched node is a 16-component
vector.
3.2. Discrete equations
From the enrichment approximations Eqs (19a), (19b), and (23),
using the Bubnov–Galerkin procedure, the standard discrete
equations can be obtained as follows (Goörnandt and Gabbert,
2002):
M1€fþ C1 _fþ Kf ¼ F ð24Þ
where f is the vector of nodal unknowns, and M1, C1, K and F are
the generalized global mass, damping, stiffness matrices and exter-
nal nodal force vector, respectively, where M1 ¼
M 0 0
0 0 0
0 0 0
2
4
3
5,
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0 0 0
0 0 0
0 0 CHH
2
4
3
5, K ¼ Kdd Kdv KdHKvd Kvv KvH
0 0 KHH
2
4
3
5, f ¼ dv
H
8<
:
9=
;,
F ¼
Fmech
Felec
Ftemp
8<
:
9=
;, d ¼ ½u a b T, v ¼ u a b T,
H ¼ u& a& b&
 T.
Eq. (24) is then solved by an uncoupled solution method using
two subsequent steps (Goörnandt and Gabbert, 2002). Step 1 is the
calculation of the temperature ﬁeld of the thermal part, and then
step 2 is the solution of the coupled piezoelectric equations of
the electromechanical part. In the solution process, the thermal
strain effect and the pyroelectric effect are considered as force vec-
tors. The uncoupled system of equations can be expressed as
CHH _Hþ KHHH ¼ Ftemp ð25aÞ
~M€nþ Kn ¼ ~F ð25bÞ
whereH and n are the vectors of nodal unknowns, and CHH, KHH and
Ftemp are the global damping, stiffness matrices, and the force vector
of the thermal part of the problem, respectively; whereas ~M, K and
~F are the generalized global mass, stiffness matrices and the
external nodal force vector of the electromechanical part of the
problem, respectively, with ~M ¼ M 00 0
 	
, K ¼ Kdd KdvKvd Kvv
 	
,
~F ¼ F
mech þ KdHH
Felec  KvHH
 

, n ¼ d
v
 

.
For the enriched elements, the element contribution to the
damping matrix CHH of the thermal part (superscript e) is given
as follows
ceij ¼
cu&u&ij c
u&a&
ij c
u&b&
ij
ca&u&ij c
a&a&
ij c
a&b&
ij
cb
&u&
ij c
b&a&
ij c
b&b&
ij
2
6664
3
7775 ð26Þ
with
cu
&u&
ij ¼
Z
X
q~cðN iÞTNjdX ð27aÞ
cu
&a&
ij ¼
Z
X
q~cHðN iÞTN jdX ð27bÞ
cu
&b&
ij ¼
Z
X
q~cðN iÞTF1N jdX ð27cÞ
ca
&a&
ij ¼
Z
X
q~cH2ðN iÞTN jdX ð27dÞ
cb
&b&
ij ¼
Z
X
q~cðF1Þ2ðN iÞTN jdX ð27eÞ
ca
&b&
ij ¼
Z
X
q~cHðN iÞTF1N jdX ð27fÞ
whereas for the non-enriched elements one has
ceij ¼ cu
&u&
ij ð28Þ
Similarly, the stiffness matrix KHH of the thermal part is deﬁned
bykeij ¼
ku
&u&
ij k
u&a&
ij k
u&b&
ij
ka
&u&
ij k
a&a&
ij k
a&b&
ij
kb
&u&
ij k
b&a&
ij k
b&b&
ij
2
6664
3
7775 ð29Þ
for the enriched elements with
ku
&u&
ij ¼
Z
X
Bu
&
i
 T
~kBu
&
j dX ð30aÞ
ku
&a&
ij ¼
Z
X
Bu
&
i
 T
~kBa
&
j dX ð30bÞ
ku
&b&
ij ¼
Z
X
Bu
&
i
 T
~kBb
&
j dX ð30cÞ
ka
&a&
ij ¼
Z
X
Ba
&
i
 T
~kBa
&
j dX ð30dÞ
ka
&b&
ij ¼
Z
X
Ba
&
i
 T
~kBb
&
j dX ð30eÞ
kb
&b&
ij ¼
Z
X
Bb
&
i
 T
~kBb
&
j dX ð30fÞ
Bu
&
i ¼
Ni;x
Ni;y
 

; Ba
&
i ¼
HNi;x
HNi;y
 

; Bb
&
i ¼
ðF1NiÞ;x
ðF1NiÞ;y
( )
ð31Þ
whereas for the non-enriched elements we have
keij ¼ ku
&u&
ij ð32Þ
Additionally, the contribution to Ftemp for the enriched elements
is
f temp ¼ f u& f a& f b&
h iT ð33Þ
with
f u
& ¼ 
Z
Sf
N iqdC; f a
& ¼ 
Z
Sf
HN iqdC; f b
& ¼ 
Z
Sf
F1N iqdC
ð34Þ
whereas for the non-enriched elements
f temp ¼ f u& ð35Þ
Furthermore, the matrix KdH appearing in the above force vec-
tors is also determined, by the following relationships
keij ¼
kuu
&
ij k
ua&
ij k
ub&
ij
kau
&
ij k
aa&
ij k
ab&
ij
kbu
&
ij k
ba&
ij k
bb&
ij
2
6664
3
7775 ð36Þ
for the enriched elements with
kuu
&
ij ¼
Z
X
Bui
 T
cNu
&
j dX ð37aÞ
kua
&
ij ¼
Z
X
Bui
 T
cNa
&
j dX ð37bÞ
kub
&
ij ¼
Z
X
Bui
 T
cNb
&
j dX ð37cÞ
kaa
&
ij ¼
Z
X
Bai
 T
cNa
&
j dX ð37dÞ
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&
ij ¼
Z
X
Bai
 T
cNb
&
j dX ð37eÞ
kbb
&
ij ¼
Z
X
Bbi
 T
cNb
&
j dX ð37fÞ
Bui ¼
Ni;x 0
0 Ni;y
Ni;y Ni;x
2
64
3
75; Bai ¼
HNi;x 0
0 HNi;y
HNi;y HNi;x
2
64
3
75 ð38aÞ
Bbi ¼ Bb1i Bb2i Bb3i Bb4i
h i
ð38bÞ
Bb~ai ¼
ðF~aðxÞNiÞ;x 0
0 ðF~aðxÞNiÞ;y
ðF~aðxÞNiÞ;y ðF~aðxÞNiÞ;x
2
64
3
75 ð38cÞ
Nu
&
j ¼ Nj; Na
&
j ¼ HNj; Nb
&
j ¼ F1ðxÞNj ð39Þ
whereas for the non-enriched elements
keij ¼ kuu
&
ij ð40Þ
Similarly, we can deﬁne the matrix KvH appearing in the above
force vectors as
keij ¼
ku
u&
ij k
ua&
ij k
ub&
ij
ka
u&
ij k
aa&
ij k
ab&
ij
kb
u&
ij k
ba&
ij k
bb&
ij
2
6664
3
7775 ð41Þ
for the enriched elements with
ku
u&
ij ¼
Z
X
Bu

i
 T
pNu
&
j dX ð42aÞ
ku
a&
ij ¼
Z
X
Bu

i
 T
pNa
&
j dX ð42bÞ
ku
b&
ij ¼
Z
X
Bu

i
 T
pNb
&
j dX ð42cÞ
ka
a&
ij ¼
Z
X
Ba

i
 T
pNa
&
j dX ð42dÞ
ka
b&
ij ¼
Z
X
Ba

i
 T
pNb
&
j dX ð42eÞ
kb
b&
ij ¼
Z
X
Bb

i
 T
pNb
&
j dX ð42fÞ
Bu

i ¼
Ni;x
Ni;y
 	
; Ba

i ¼
HNi;x
HNi;y
 	
ð43aÞ
Bb

i ¼ Bb1i Bb2i Bb3i Bb4i
h i
ð43bÞ
Bb~ai ¼
ðF~aðxÞNiÞ;x
ðF~aðxÞNiÞ;y
" #
ð43cÞ
whereas for the non-enriched elements
keij ¼ ku
u&
ij ð44Þ
Additionally, for the element contributions to M, K , Fmech and
Felec of the electromechanical part, we refer to the paper (Liu
et al., 2013) for a detailed description.The unconditionally stable Crank–Nicolson method is adopted
to integrate the transient heat conduction equation, Eq. (25a). At
time-step n, the discretized equation is expressed as
CHH þ 12DtKHH
 
Hn ¼ CHH  12DtKHH
 
Hn1
þ Dt
2
F tempn þ F tempn1
  ð45Þ
where Dt is the time increment at the present time-step.
The Newmark method is applied to the time-integration of the
electromechanical equations, Eq. (25b). At the time-step n, the dis-
cretized simultaneous equations are expressed as
ð ~M þ a2Dt2KÞ€nn ¼ ~F  K nn1 þ Dt _nn1 þ ð1 2a2Þ
Dt2
2
€nn1
 	
ð46Þ
_nn ¼ _nn1 þ ½ð1 a1Þ€nn1 þ a1€nnDt ð47Þ
and
nn ¼ nn1 þ _nn1Dt þ
1
2
 a2
 
€nn1 þ a2€nn
 	
Dt2 ð48Þ
where the coefﬁcients a1 and a2 are parameters which determine
the accuracy and the stability of the numerical time-integration
technique, and the unconditionally stable conditions are a1 P 0:5
and a2 P 0:25ða1 þ 0:5Þ2. In this study, the time-step Dt is set con-
sistently to obtain an acceptable solution in the numerical
calculation.
4. Evaluation of generalized dynamic intensity factors
The dynamic intensity factors of a crack in FGPMs under a ther-
mal shock are characterized by means of the thermal stress inten-
sity factors (KI;KII) and the electrical displacement intensity factor
(KIV ). The path-independent electromechanical J-integral for a
thermal shock piezoelectric crack problem under thermal shock
is given as follows (Rao and Kuna, 2010):
J ¼
Z
C
ð ~Wd1j  rijui;1  Dju;1ÞnjdC ð49Þ
where ~W ¼ R rijde0ij  R DjdE0j is the electrical enthalpy density, e0ij
and E0j denote the mechanical strains and the electrical ﬁeld, respec-
tively; C is a contour enclosing the crack-tip, and nj is the outward
unit vector normal to the contour C.
The terms e0ij and E
0
j are determined by (Rao and Kuna, 2010)
e0ij ¼ eij  gijDT; E0j ¼ Ej þ gjDT ð50Þ
with
gks
gs
 

¼ Cijks eiks
eijs his
 	1 cij
pi
 

ð51Þ
where gks is the tensor of thermal expansion coefﬁcients as deﬁned
above in Eq. (2), and gs are the pyroelectric ﬁeld constants.
Using the divergence theorem, and combining with equilibrium
conditions and compatibility conditions as well as constitutive
equations for the FGPMs under thermo-electromechanical loading,
the contour integral can be converted into an equivalent domain
form as follows (Rao and Kuna, 2010)
J ¼
Z
A
ðrijui;1 þ Dju;1  ~Wd1jÞq;jdAþ
Z
A
ðrijgij;1DT þ rijgijDT ;1
þ Djgj;1DT þ DjgjDT ;1ÞqdAþ
Z
A
rij;jui;1qdA

Z
A
1
2
e0ijCijkl;1e
0
kl  e0kleikl;1E0i 
1
2
E0ihim;1E
0
m
 
qdA ð52Þ
ig. 2. Comparison of the normalized mode-I stress intensity factor obtained by the
eveloped X-FEM and the MLPG (Sladek et al., 2010b) for a ﬁnite edge-cracked
iezoelectric plate subjected to a thermal shock.
2172 P. Liu et al. / International Journal of Solids and Structures 51 (2014) 2167–2182where A denotes the area inside the prescribed contour and q is a
smooth weight function which takes a value of unity on an open
set containing the crack-tip and vanishes on an outer the prescribed
contour.
Two states of a FGPM cracked solid are considered: state (1),
rð1Þij ; e
ð1Þ
ij ;u
ð1Þ
i ;D
ð1Þ
j ; E
ð1Þ
j
 
, is the actual state derived from the numer-
ical method; state (2), rð2Þij ; e
ð2Þ
ij ; u
ð2Þ
i ;D
ð2Þ
j ; E
ð2Þ
j
 
, corresponds to an
auxiliary state. The J-integral for the sum of the two states is
JðSÞ ¼ Jð1Þ þ Jð2Þ þ Ið1;2Þ ð53Þ
where Jð1Þ and Jð2Þ are the thermo-electromechanical J-integrals for
states (1) and (2), respectively; and Ið1;2Þ is the interaction integral
for scenarios (1) and (2).
Ið1;2Þ ¼
Z
A
rð1Þij u
ð2Þ
i;1 þrð2Þij uð1Þi;1 þDð1Þj uð2Þ;1 þDð2Þj uð1Þ;1  ~W ð1;2Þd1j
 
q;jdA
þ
Z
A
rð2Þij gijðDTÞ;1þrð2Þij gij;1DTþDð2Þj gjðDTÞ;1þDð2Þj gj;1DT
 
qdA
þ
Z
A
cijkl;1 eð1Þij e
ð2Þ
kl þeð2Þij eð1Þkl
 
=2eikl;1 Eð1Þi eð2Þkl þEð2Þi eð1Þkl
 h
hij;1 Eð1Þi Eð2Þj þEð2Þi Eð1Þj
 i
qdAþ
Z
A
q€uð1Þi u
ð2Þ
i;1 þrð2Þij;j uð1Þi;1
 
qdA ð54Þ
where ~W ð1;2Þ ¼ 12 rð1Þij eð2Þij þ rð2Þij eð1Þij  Dð2Þj Eð1Þj  Dð1Þj Eð2Þj
 
.
The thermal stress intensity factors and the electrical displace-
ment intensity factor can be evaluated through a judicious choice
of the auxiliary ﬁelds in computing Ið1;2Þ and solving the corre-
sponding simultaneous equations using the components of the
generalized Irwin matrix Y (Rao and Kuna, 2008; Bui and Zhang,
2012). The dynamic intensity factors are obtained by solving the
following equations (Liu et al., 2013)
Kð1ÞI
Kð1ÞII
Kð1ÞIV
8><
>:
9>=
>; ¼
Y22 Y12 Y24
Y12 Y11 Y14
Y24 Y14 Y44
2
64
3
75
1
Ið1;IÞ
Ið1;IIÞ
Ið1;IVÞ
8><
>:
9>=
>; ð55ÞFig. 3. The normalized mode-IV electrical displacement intensity factor obtained by
the X-FEM for a ﬁnite edge-cracked piezoelectric plate subjected to a thermal shock.5. Numerical validation
To validate the accuracy of the proposed X-FEM, an edge-crack
in a ﬁnite homogeneous piezoelectric rectangluar plate withFig. 1. An edge-crack in a ﬁnite piezoelectric plate with prescribed temperatures on
outer boundary and crack-surfaces.F
d
pwidth W ¼ 1:25 m, height H ¼ 3 m and crack length a ¼ 0:5 m
under a thermal load as depicted in Fig. 1 is considered (Sladek
et al., 2010b). The gradient index b in the present formulation
is set to be zero to match the assumption of this particular prob-
lem. A regular ﬁne mesh of 84  200 quadrilateral elements is
used in the calculation. The material parameters of BaTiO3 are
taken as (Sladek et al., 2010b; Song and Sih, 2003) are:
C011 ¼ 16:6 1010 Pa; C013 ¼ 78 GPa; C033 ¼ 162 GPa; C044 ¼ 43 GPa;
e015 ¼ 11:6 Cm2; e031 ¼ 4:4 Cm2; e033 ¼ 18:6 Cm2; h011 ¼ 11:2 C=
ðGVmÞ; h033 ¼ 12:6 C=ðGVmÞ; g011 ¼ 0:88 1051=K;g033 ¼ g022 ¼ 0:5
1051=K;p01 ¼ 0; p03 ¼ 1 104C=km2; ~c0 ¼ 420Wskg1 K1;
q0 ¼ 5500 kg=m3; ~k011 ¼ 50 W=km, and ~k033 ¼ 75 W=km. The initial
temperature in the entire plate is T0ðx;0Þ ¼ 0, then on the left lat-
eral side of the plate a cooling shock with Heaviside time varia-
tion Tað0; tÞ ¼ TeHðtÞ (with Te being the loading amplitude, a
negative constant) is applied. The right lateral side is kept at a
zero temperature, i.e., TbðW; tÞ ¼ 0. The plate is assumed to be
free from external mechanical constraints and loads.
The normalized dynamic thermal stress intensity factor (DTSIF)
KI ¼ KIg011C011 jTe j ﬃﬃﬃﬃpap and the normalized dynamic electrical displace-
ment intensity factor (DEDIF) KIV ¼
e033KIV
h033g
0
11C
0
11 jTe j
ﬃﬃﬃﬃ
pa
p against the nor-
malized time t ¼ t~k033q0~c0a2 are calculated and investigated. It is
Fig. 4. Geometry model of an FGPM plate with a horizontal edge-crack. (a) Material
properties varying in x-direction; (b) material properties varying in y-direction.
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method and Newmark method are applied, so the selected time-
steps in general have no critical effects on the numerical results.
However, an adequately small time-step is used in the numerical(a)
Fig. 5. The KI (a) and K

IV (b) factors obtained by the X-FEM for
(a)
Fig. 6. The KI (a) and K

IV (b) factors obtained by the X-FEM forcalculation to obtain an accurate solution. In this study, a time step
Dt ¼ 0:0115q0~c0a2~k033 is taken in the time integration schemes.
A detailed comparison of the normalized DTSIFs obtained by
the developed X-FEM and the MLPG (Sladek et al., 2010b) is pre-
sented in Fig. 2. It is observed from the results that the transient
responses derived from the present X-FEM formulation are in
good agreement with the MLPG reference solutions, which
essentially conﬁrms the accuracy of the developed method. The
normalized DEDIF computed by the present X-FEM is also given
in Fig. 3 without a comparison because no reference solutions
can be found in literature. However, an interesting conclusion
can be drawn from Fig. 3 that the thermal shock does affect
the DEDIF, and the DEDIF decreases very slowly after the peak
value.6. Numerical examples and discussions
In this section, three numerical examples for the stationary
cracks under thermal shock loading and plane-strain condition in
two-dimensional (2D) linear FGPMs are studied using the devel-
oped X-FEM. The ﬁrst two examples consider the cooling shock,
while the last one deals with the heating shock. Numerical results
of the DTSIFs and DEDIF are then presented, in which the effects of
the material properties, crack-length, gradient index, and poling(b)
a ﬁnite FGPM plate with different crack-lengths and b = 1.
(b)
a ﬁnite FGPM plate with different crack-lengths and b = 0.
(a) (b)
Fig. 8. The KI (a) and K

IV (b) factors obtained by the X-FEM for a FGPM plate with different crack-lengths and b = 1.0.
(a) (b)
Fig. 7. The KI (a) and K

IV (b) factors obtained by the X-FEM for a ﬁnite FGPM plate with different crack-lengths and b = 1.
(a) (b)
Fig. 9. The KI (a) and K

IV (b) factors obtained by the X-FEM for an FGPM plate with several positive gradient indices.
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material as in the previous example is again used as a reference
material. In the following numerical analysis, the dynamic inten-
sity factors are normalized by KI ¼ KIg011C011Te
ﬃﬃﬃﬃﬃﬃ
pW
p , KII ¼ KIIg011C011Te
ﬃﬃﬃﬃﬃﬃ
pW
p andKIV ¼
e033KIV
h033g
0
11C
0
11Te
ﬃﬃﬃﬃﬃﬃ
pW
p , where W is the plate-width. The time is also
normalized in such a way by t ¼ t~k033
q0~c0W2
, and a time-step,
Dt ¼ 0:005q0~c0W2~k033 , is used.
(a)
(b)
(c)
Fig. 10. Effects of the material polarization directions on the KI (a), K

II (b) and K

IV
(c) factors.
ig. 11. Geometry model of an FGPM plate with a slanted edge-crack. (a) Material
roperties varying in x-direction; (b) material properties varying in y-direction.
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The ﬁrst numerical application considers a horizontal edge-
crack in a ﬁnite FGPM plate under cooling shock as depicted in
Fig. 4. The plate geometry is described by W/H = 5/6. A regular ﬁne
mesh of 83  199 quadrilateral elements is used. In this example,F
pthe thermal conditions are taken as T0ðx;0Þ ¼ 0 and
Tað0; tÞ ¼ TbðW; tÞ ¼ TeHðtÞ, where Te is a negative constant.
6.1.1. Effects of the material gradation direction
To investigate the effects of the material gradation direction on
the dynamic intensity factors, the material properties varying in x-
and y-directions are respectively considered. A poling angle of
a ¼ 90o is used in this investigation.
6.1.1.1. Material properties varying in x -direction. An FGPM plate
with material properties varying in x-direction (see Fig. 4a) is
investigated. The normalized dynamic intensity factors versus
the normalized time computed by the X-FEM accounted for differ-
ent values of the gradient indexes b ¼ 1:0, 0.0, 1.0 and of the
crack-lengths a = 1/10H, 2/15H, 1/6H, 1/5H are subsequently pre-
sented in Figs. 5–7. The following features can be observed from
the results: (1) the variations of the KI and K

IV are similar for dif-
ferent gradient indices and different crack-lengths, which means
that the amplitudes of the KI and K

IV increase with the increasing
time, then decrease to zero after the peak value; (2) the maximum
values of both KI and K

IV decrease with increasing crack-length,
while increase with increasing gradient index; (3) both the KI
and KIV immediately reach their maximum value in a short time,
and the behaviors of the transient responses are simpler than those
under a pure mechanical or a pure electrical impact (Liu et al.,
2013); (4) the decreasing gradient of both KI and K

IV becomes
small after the maximum values with increasing crack-length;
(5) the smaller the gradient index the faster the KI and K

IV vanish.
From the present results, it can be conﬁrmed that a pure thermal
shock loading causes an electrical ﬁeld in the FGPMs.
6.1.1.2. Material properties varying in y-direction. Similarly, we next
consider an FGPM plate with the material properties varying in the
y-direction (see Fig. 4b). In this case, the dynamic intensity factors
are the same for the positive gradient index and the negative one,
so we only consider the positive values of the gradient index.
Fig. 8 shows the effects of the crack-length on the dynamic
intensity factors. The behaviors of the KI and K

IV are similar to
those for the material gradation in the x-direction (x-FGPM). The
essential difference between the two cases is that the peak values
of the KI and K

IV for the material gradation in the y-direction
(y-FGPM) are much smaller than those for the x-FGPM one, and
they are almost equal to the ones for the homogenous piezoelectric
case.
(a)
(b)
(c)
Fig. 13. Variation of the KI (a), K

II (b) and K

IV (c) factors for a ﬁnite FGPM plate with
a slanted edge-crack for several positive gradient indices.
(a)
(b)
(c)
Fig. 12. Variation of the KI (a), K

II (b) and K

IV (c) factors for a ﬁnite FGPM plate with
a slanted edge-crack for several negative gradient indices.
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eral positive values of the gradient index b ¼ 0:0; 0.2; 0.4; 0.6; 0.8;
and 1.0 and the crack length a = 1/6H. It can be observed in the ﬁg-
ures that the inﬂuence of the material gradation on the variation of
dynamic intensity factors is generally insigniﬁcant for the consid-
ered crack-length.6.1.2. Effects of the poling direction
The effects of the orientation of the material poling direction
with respect to the x-axis on the dynamic responses are examined.
The material properties varying in the x-direction are assumed, and
the dimensionless crack-length a = 1/6H is taken. The investigation
is performed for different values of a ¼ 0o;30o;60o and 90o with a
(a)
(b)
(c)
Fig. 14. Variation of the KI (a), K

II (b) and K

IV (c) factors for a ﬁnite FGPM plate with
a slanted edge-crack for several negative gradient indices.
(a)
(b)
(c)
Fig. 15. Variation of the KI (a), K

II (b) and K

IV (c) factors for a ﬁnite FGPM plate with
a slanted edge-crack for several positive gradient indices.
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then presented in Fig. 10, which shows the inﬂuences of the poling
direction on the dynamic intensity factors in FGPMs. In general, a
complicated behavior of the transient responses is observed.
From Fig. 10a, the following features are evident: (1) the varia-
tion of the KI has a similar behavior for different poling directions,
which implies that the amplitudes of the KI increase with theincreasing time, then decrease to zero after the peak value; (2)
the peak value of the KI decreases with increasing poling angle,
and the peak value of the KI is maximum when the poling direc-
tion is parallel to the crack-face, while it is minimumwhen the pol-
ing direction is perpendicular to the crack-face; (3) the value of the
KI decreases with increasing the poling angle in the initial time
interval, then the variation of the KI is opposite.
(a)
(b)
Fig. 16. Geometry model of an FGPM plate with a slanted central crack. (a) Material
properties varying in x-direction; (b) material properties varying in y-direction.
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shown in Fig. 10b. It shows that the mode-II DTSIT vanishes for this
poling angle because no shear stress components are induced. For
other poling angles, the amplitudes of the KII are reduced with
increasing poling angle before reaching the peak, then the
variations are opposite, and the maximum peak value exists
for a ¼ 0o; i.e., when the poling direction is parallel to the
crack-face.
From Fig. 10c, it can be seen that the values of the KIV factor are
negative and are very small in the initial time interval when a ¼ 0o.
This is different from that under a mechanical impact (Liu et al.,
2013). In addition, one can observe that the electrical displacement
intensity factors increases with increasing poling angle, and the
peak value reaches the maximum for a crack that is perpendicular
to the poling direction when a ¼ 90o.(c)
6.2. A slanted edge-crack in a ﬁnite FGPM plate: cooling shock
Next, a slanted edge-crack in a ﬁnite FGPM plate as depicted in
Fig. 11 is analyzed. All the conditions are the same as those in the
previous example except the crack location and orientation. The
crack-length is set to be 1/6H, and the poling angle is assumed to
be a ¼ 90o.ig. 17. Variation of the KI (a), K

II (b) and K

IV (c) factors for a ﬁnite FGPM plate with
slanted central crack under a heating shock for several negative gradient indices.6.2.1. Effects of the material gradation direction
6.2.1.1. Material properties varying in x -direction. The effects of dif-
ferent values of the gradient indexes on the dynamic intensity fac-
tors are investigated by selecting several values of the gradient
index as b ¼ 1:0; 0.8; 0.6; 0.4; 0.2; 0.0; 0.2; 0.4; 0.6; 0.8
and 1.0. The corresponding results of the calculated normalized dy-
namic intensity factors are presented in Figs. 12 and 13 for the se-
lected negative and positive gradient indices, respectively. The
variations of the KI and K

IV are similar for the positive and negative
values of the gradient index, the maximum value is reached in a
very short time, and the peak value increases with increasing gra-
dient index. A slight difference observed in the results is that the
value of the KI and K

IV decreases to zero faster for the negative gra-
dient index than for the positive one.
For the KII factor, a similar variation is obtained for the positive
and negative values of the gradient index. The values ﬁrst rise up to
the positive peak, then decrease to the negative peak, and ﬁnally
increase to approach zero. The inﬂuence of the material gradation
on the KII is insigniﬁcant in the initial time interval.F
a6.2.1.2. Material properties varying in y -direction. We consider an
FGPM plate with material properties varying in the y-direction as
shown in Fig. 11b. The numerical results for different values of
the gradient index are then presented in Figs. 14 and 15, respec-
tively. The variations of the KI and K

IV are similar for the negative
values of the gradient index, and they are almost the same as those
for the x-FGPM with the positive values of the gradient index. The
(a)
(b)
(c)
Fig. 18. Variation of the KI (a), K

II (b) and K

IV (c) factors for a ﬁnite FGPM plate with
a slanted central crack under a heating shock for several positive gradient indices.
(a)
(b)
(c)
Fig. 19. Variation of the KI (a), K

II (b) and K

IV (c) factors for a ﬁnite FGPM plate with
a slanted central crack under a heating shock for several negative gradient indices.
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x-FGPM discussed previously. It can be observed in Fig. 15 that
for the positive gradient indices the inﬂuence of the material
gradation on the KI and K

IV is insigniﬁcant, and the effect of the
material gradation on the KII is also insigniﬁcant except for a time
period in the intermediate time interval.6.3. A slanted central crack in a ﬁnite FGPM plate: heating shock
Further numerical investigation is made by considering a ﬁnite
FGPM specimen with a slanted central crack under a heating shock
as depicted in Fig. 16. The plate is designed with W/H = 5/6, and a/
H = 5/6. A regular ﬁne mesh of 119  141 quadrilateral elements is
(a)
(b)
(c)
Fig. 21. Effects of the crack-lengths on the KI (a), K

II (b) and K

IV (c) factors for
material properties varying in x-direction.
(a)
(b)
(c)
Fig. 20. Variation of the KI (a), K

II (b) and K

IV (c) factors for a ﬁnite FGPM plate with
a slanted central crack under heating impact for several positive gradient indices.
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T0ðx;0Þ ¼ 0; Tað0; tÞ ¼ TbðW; tÞ ¼ TeHðtÞ, where Te is a positive con-
stant; and the poling angle is assumed to be a ¼ 90o.
6.3.1. Effects of the material gradation direction
6.3.1.1. Material properties varying in x-direction. The normalized
DTSIFs and DEDIF for different negative and positive gradientindices are computed by the developed X-FEM and then presented
in Figs. 17 and 18, respectively. Some interesting features obtained
from the corresponding results for the central crack under a heat-
ing shock can be highlighted as follows: (1) the variations of the KI
and KII and K

IV factors have a similar tendency for different gradi-
ent indices, i.e., the amplitudes of the KI and K

IV increase with the
increasing time, then decrease to zero after the peak value, while
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tude of the KII increases with the increasing time, then decreases
after the peak value; (2) the amplitudes of the KI and K

II and K

IV
increase with increasing the gradient index, and the dynamic
intensity factors are approximately zero for b ¼ 1:0; (3) the larger
the gradient index, the slower the dynamic intensity factors ap-
proach to zero; (4) the larger the gradient index, the slower the
dynamic intensity factors reach their peak values.6.3.1.2. Material properties varying in y-direction. The obtained
numerical results for the material gradation varying in y-direction
with different negative gradient indices are presented in Fig. 19.
The amplitudes of the KI and K

IV increase with the increasing time,
then decrease to zero after the peak value. The values of the KII are
negative and at the beginning the amplitude of the KII increases
with the increasing time, then decreases after the peak value. Also,
the amplitudes of the KI and K

IV and K

II increase with increasing
the gradient index.
The normalized DTSIF and DEDIF for different positive gradient
indices are presented in Fig. 20. The variations of the KI and K

IV are
similar for different gradient indices, i.e., the amplitudes of the KI
and KIV increase with the increasing time, and reach their peak val-
ues in a short time, and then decrease to zero after the peak values.
The inﬂuences of the gradient index on the KI and K

IV factors are
rather small after t > 0:4. The KII factor is negative, and the
maximum value of the KII decreases with increasing gradient
index, while the variations of the KII are more involved after
t > 0:2.6.3.2. Effects of the crack-length
For this heating shock case, the effects of the crack length on the
dynamic intensity factors are also investigated by selecting a/
H = 1/3, 1/2, 2/3, 5/6 and b ¼ 1:0, respectively. The calculated
DTSIFs and DEDIF are presented in Fig. 21 for all the speciﬁed crack
lengths. The results exhibit that the KI and K

IV factors have a sim-
ilar behavior for different crack lengths. The amplitudes of the KI
and KIV factors increase with the increasing time, and then de-
crease to zero after their peak values. The peak values of the KI
and KIV factors increase with increasing crack-length. The positive
peak value of the KII decreases with the increasing crack length,
while the negative peak value increases with the increasing crack
length. The more obvious the positive peak the smaller the
crack-length, while the more obvious the negative peak the larger
the crack-length. Furthermore, the negative peak value is larger
than the positive peak value. The variations of the KII factor are
complicated as the crack-length changes. Generally, the effect of
the crack length on the numerical solutions is signiﬁcant.7. Conclusions
Transient responses of the cracked FGPMs under thermal shock
are investigated by using an appropriate X-FEM model. The accu-
racy of the developed X-FEM model is illustrated by numerically
comparing the obtained results with the MLPG solutions, and they
match well. Three numerical examples including a horizontal
edge-crack in a ﬁnite FGPM plate under a cooling shock, a slanted
edge-crack in a ﬁnite FGPM plate under a cooling shock and a
slanted central crack in a ﬁnite FGPM plate under a heating shock
are investigated. The effects of the material properties including
the gradient direction and the gradient index, the poling direction,
and the crack-length, etc. on the dynamic intensity factors are
analyzed, and discussed in details. Consequently, the following
essential conclusions may be drawn from the present study
including: The accuracy of the developed X-FEM model for transient ther-
mal shock fracture analysis in FGPMs is very high as validated
by the reference solutions.
 The maximum value of the dynamic intensity factors always
decreases with increasing the crack-length in homogenous
and non-homogenous piezoelectric materials in the cooling
environment, so a growing crack will stop when the crack-
length reaches a certain length.
 The maximum value of the dynamic intensity factors increases
with increasing the crack-length in non-homogenous piezoelec-
tric materials in the heating environment, so a growing crack
will grow accelerated.
 The amplitudes of the dynamic intensity factors apparently
depend on the gradient index b, but their variations with time
are nearly the same.
 The dynamic intensity factors have a signiﬁcant dependence on
the poling direction and the material gradation under a thermal
shock loading as that in the mechanical and electrical impact
loading case (Liu et al., 2013).
 The inﬂuence of the thermal shock loading is clearly shown by
the numerical results. A pure thermal shock loading induces an
electrical ﬁeld in the cracked FGPMs.
 The transient dynamic crack behavior in the FGPMs under the
cooling shock is different from that under the heating shock,
which is important in the design of FGPMs in engineering
applications.
 Based on the present formulation, other interesting issues per-
taining to the effects of the isothermal expansion and other
electrical boundary conditions on generalized dynamic inten-
sity factors could be studied. They have already been scheduled
for our future research works.Acknowledgments
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